We investigate the properties of complex polaron containing the effects of electronphonon coupling and interaction between impurity and electron-hole pair. A model of a two-dimensional electron gas occupying the surface of two-dimensional Dirac honeycomb lattice is constructed. We focus on the weak coupling regime throughout the whole paper. Our results are meaningful to the study of pairing mechanism as well as the phonon-mediated high-temperature superconductivity.
Introduction
The mobile impurity is widely studied in ultracold atomic systems like the Fermi gases [1, 82] or Bose-Einstein condensates [2] , degenerate Bose-Fermi mixtures [3, 9] , and the solid state systems, like the semiconductor [4] , (semi) Dirac systems [6, 5] metals [103, 98] , and the transition metal dichalcogenides [97] . For both the Mott insulator state [11] and superfluid state [7, 8, 9, 10] , the mobile spin impurity as well as the formed polaron (by dressing the particle-hole pairs) are also discussed. In dealing with the many-body problem of the polaron system, the leading order 1/N expansion base on the random-phase approximation (RPA) is similar to the self-consistent medium T -matrix which with a dynamically screened interaction (the GW approximation), and the 1/N order requires a self-energy term contributed by the particle-hole loop, to describes the pairing fluctuation especially in strong coupling regime like the unitary Fermi gas. At N → ∞ limit, the self-energy vanishes and the lifetime of the Fermi quasiparticle → ∞ according to ReΣ(ImΣ) ∼ sgn [ω] . Here the self-energy is the Coulomb-interactioninduced which including the exchange part and the correlation part, the correlation part here is due to the quantum fluctuations of the Fermi sea, and it leads to the dielectric response. The particle-hole pairs (coupled by the Coulomb potential) as the low-energy excitations are promoted in two-dimensional system [12] , In the presence of RPA with the collective electronic modes, the quasiparticles interact with the particle-hole excitations which forms the polaron when the quasiparticle is a mobile impurity, such a scenario can be realized by using a twodimensional electron gas coupled with the two-dimensional Dirac system or the surface state of three-dimensional Dirac system, the Dirac material here can also be replaced by the topological crystals like the Chern insulator, then the impurity also exhibit some topological features due to the coupling with the environment which is in a topologically nontrivial state [7, 14] . Such scenario can be realized even in the absence of gases but just relys on the exciton-electron interaction within a microcavity diagram [4, 13] . As we known, the plasmon excitation ω p ∼ √ q in long-wavelength limit where q is the scattering momentum, and it obtains more spectral weight when enters into the particle-hole continuum region, due to the Laudau damping which leads to a weaker interaction (and thus with larger residue Z [5] ). The coupling between the plasmon and the polaron would be more strong in the massless two-dimensional Dirac system compared to the massive one [15, 16] . The appearing of avoided crossing in the polaron band structure as a result of the strong coupling is also a interesting topic. Furthermore, in the presence of strong coupling, the avoided crossing will disappears gradually with the increase of temperature (away from the superfluid phase again), and then the particle branch merges with the hole branch to form a new (adiabatic) polaron dispersion [82] , and this new dispersion is shifted by the binding energy (−E b ) or the polaron shift in atomic limit (t → 0) which is (− g 2 2m e−h ω 2 e−h
). Besides, in this limit, the polaron conductivity behaves as σ ∼
W T
e Ω/T due to the smallness of bandwidth W . Different to the usual case of a Bose-Fermi mixture in ultracold atomic system, we can assuming a two-dimenaional weakly-interacting Bose gas coupled to the (two-dimensional) crystal, for average-distance between bosons in the order of van der Waals length l vdW which is comparable or even larger than the s-wave scattering length [19] , that's in contrast to the case near Feshbach resonances (with large a) where the weakly-bound three-body states (trimer) would be formed [17, 18] . The van der Waals interaction here can be controlled by choosing materials with different orbital characters. To obtain the analytical solution of the scattering problem, the Bethe-Salpeter equation (BSE) is often reduced to the Lippmann-Schwinger equation (LSE) by ignoring the center-of-mass momenta, i.e., the vacuum T -matrix. The zero center-of-mass momentum can be realized experimentally by increasing the strength of spin-orbit coupling, like the molecule state in BEC limit, note that while for polaron state, the impurity with zero momentum does not corresponds to the zero center-of-mass case, the impurity and hole with momentum k F and −k F , respectively, corresponds to it [52] . The BSE is more difficult to solved due to its singularity [26, 27, 28] especially in the presence of coupled center-of-mass and relative motions by the Fermi sea, it can be described by the non-self-consistent many-body T -matrix [6, 5] T (p + q, ; p + q − k ′ ; ω) + µ ↓ ] −1 , respectively. Π(p + q) is the polarization operator. By ignoring the harmonic oscillation quantum numbers, and solve the LSE up to first order, we can obtain
and thus
Straightly, when we solve the LSE up to second order (we omit the common parameter ω in the following), we have
This T -matrix certainly the single channel one due to the infinitely large hyperfine splitting energy, while for finite range case, i.e., both the intraspeices and interspecies (hyperfine levels) coupling are considered, the multichannel T -matrix (consider the center-of-mass frame) becomes [22, 23] 
where the subscript 1 denotes the open channel and 2 denotes the close channel. At first, we discuss the zero energy scattering matrix in the atomic limit in perturbation theory (without consider the effect of hopping). By solving the LSE for low-energy scattering, the regularized intraspecies and bare interspecies coupling parameter (or called the binary contact interaction) can also be obtained [19, 6] 
where φ denotes the bosonic field, g b φφ is the bare coupling parameter, here g φφ < 0 for attractive interaction. g(k) is the interaction range-dependent function, when it's momentum-independent (for contact interaction or the short-range limit), the integral within the above equation does not converges, then the momentum cutoff is required which is of the order of inversed interaction range, e.g., Λ ∼ 1/l vdW . The cutoff Λ goes to infinite when g b ψψ goes to zero and in this case the average potential energy is zero. This usually corresponds to the short-range limit with very large hyperfine splitting energy between the two lowest energy hyperfine states [23, 25] in open channel and closed channel respectively for a statistically mixed atomic system (like the fermi-fermi or fermi-bose mixtures). Such van der Waals interaction in the interface of a heterostructure system also provides a possible formation of the polaron [21] in the atomic layer stacking system [20] which favors more the van der Waals interaction. Besides the van der Waals force, the attractive potential (of impurity) mediated by the crystal phonon forms the Cooper parts that produced the supetconductivity phenomenon.
The fermi polaron formed in solid state is stable in weak coupling regime, and can be treated uncoupled with the environment, that is similar to the bare pairing in closed channel [23] which has higher energy than the open one (dressed), but in gaseous systems where the interaction can be turned via a magnetic field-induced Feshbach resonance, the single channel description with zero-range potential fails in weak interaction regime [22] . The properties of the polaron is closely related to the dispersion of the majority component in the bath, for the most common kind of the polaron in solid system-the electron-phonon coupling induced Bose polaron, since the dispersion of longitudinal acoustic phonon is ∼ sk with large s (see, e.g., Ref. [24] ), it is more resembles to the polaron formed in Bose gases than in Fermi gases due to the lower mass of Bosons, as can be seen from the Bogoliubov dispersion in a BEC at nearly zero temperature.
The validity of one-particle-hole ansatz [1] in dealing with the polaron problem in the presence of many-body effect has been verified. However, according to Ref. [25] , this validity requires the nearly perfect destructive interference of the contributions from other particle-hole excitations (brings the higher order terms) apart from the formed polaron, in the polaron ground state as a superpositions of the coherent many-body states. However, such a coherence requires the quantum system isolated from the envionment, like a isolated impurity interact with the thermal bath or the solid medium (see Ref. [29] and the references therein). One another excellent experimental platform for the preparation of coherence is the cold atomic gases. Although the long-range coherence will destoryed by the temperature fluctuation [33] , the short-range one can be observed even at room temperature [32] . While in the extreme case which with a very light impurity immersed into a bath of heavy particles, the decoherence process may happen [32] . Besides, for mobile impurity in a superfluid state (created by a degenerate Bose gas) moves slower than the speed of light in condenstate which is about 1.33×10 −4 m/s (the speed of sound in condensate is ∼ 10 −3 m/s [30] ), or for the mobile impurity in a BEC which has been accelerated above the speed of sound [31] where the decoherence occur, the Bose polaron can be formed. In the latter case where the formation of polaron is usually related to the quenching dynamics at zero-temperature limit, since the interference patterns of the coherent states are destroyed and the superposition turns into the statistical mixture, it can be represented by the statistical functions and the overlap between the impurity with the majority component. In condensate, the speed of sound is proportional to the intraspecies coupling g φφ , and thus inversely proportional to the healing length which reads ℓ = 1/ 8πa φφ n (n is the cobdensate density). The healing length here is comparable to the size of the screening cloud around the impurity (can be atom, electron, or ion). In the extreme case of strong intraspecies interaction with the leading instability (e.g., when close to the Feshbach resonance), due to the vanishing healing length, the dispersion of the Bosons (the phonon) in the presence of polaron and the effect of potential could be still similar to the above-mentioned one ∼ sk (s here is the speed of sound s = / 2m φ ℓ which becomes very large now; like the Debye model in metal). For the optical lattice as a two-dimensional artificial solid state system with continuous symmetry, the healing length is very small due to the harmonic transverse confinement, and thus leads to a larger speed of sound than that in the quantum gases. And specially, for two-dimensional system, the intraspecies atomic interaction decreases with the increasing oscillator length [34] . Compared to the graphene-like two-dimensional Dirac materials, the ultracold atomic system in a hexagonal (or triangular) optical lattice provides a more controllable and clean (without the impurity or defeat unless added by the additional laser or magnetic field) platform to probe the polaron behavior as well as the self-trapping of the mobile impurity in equilibrium or unequilibrium cases [35, 36] .
2 Electron-phonon coupling
Polaronic effect induced by electron-phonon coupling
The transition of the quasifree polaron (large size) to the self-trapped polaron (small size) could be to realized for solid state system in strong coupling region. Similar to the Fröhlich Hamiltonian [37] , in solid state, the electron-phonon coupling can be described by the approximation up to first order of the atomic displacements. We at first discuss the weak coupling adiabatic case, where the Migdal-Eliashberg theory is applicable, then the (single species) selfenergy of the longitudinal acoustic-or optical-phonon (no matter transverse or longitudinal modes) can be obtained by the summation of the electronic states (excited by the electronphonon interaction) with different crystal momenta during the transition
where g p,p+q ′ is the well known electron-phonon coupling matrix element [38, 39, 40, 41, 42] which is inversely proportional to the atomic mass and the bare phonon frequency Ω 0 ph (q ′ ), just similar to the descriptions in collective Holstein approximation. We have in perturbational
where M is the atomic mass of the lattice and δU is the variation of the self-consistent KohnSham potential. δu q denotes the tight-binding amplitude. Here the change of quantum nunbers are not shown which make the self-energy nonzero even in the limit q ′ → 0. We can see that this self-energy is just the polarization loop (particle-hole bubble) with the crossing phonon vertex correction. Note that in Migdal approximation, the effect of phonon vertex correction is small and even negligible [43] due to the weak electron-phonon coupling strength (compared to the electron tunneling), ε e−ph (∼ |g p,p+q ′ | 2 ) ≪ 3tΩ ph (3t here is the approximated bare half bandwidth of a two-dimensional honeycomb lattice system, which is 8.4 eV in the intrinsic graphene; for large polaron, the half bandwidth can also be written as ) is closes to the rest one. Note that the above phonon self-energy induced by the propagating electron is valid only within the Migdal approximation, i.e., the weakly coupled adiabatic limit
And its real part provides the phonon frequency shift while its imaginary part provides the phonon linewidth (or the population decay [61] ) since it does not contains the phonon-related vertex correction. As diagrammatically shown in the Fig.1 , the boson self-energy loop (phonon) obtained by many-body diagrammatic method is comprised of two fermion propagators (the impurity) and two boson propagators (with external momentum and external frequency) where we consider the current-current correlation here. The phonon vertex correction reads
where ω is the fermion frequency and Ω/Ω ph is the bosonic frequency. Here the Pauli matrices σ can also be replaced by the Dirac γ matrices [44, 45] , which then requires a new form of Dirac quasiparticle propagator. In the weak-coupling region,
is the bare phonon propagator, which should be replaced by the interacting one when the electron-phonon coupling is strong (and thus with a larger phonon self-energy):
where
) is the renormalized phonon frequency. For gapless band structure, the states could be adiabatically pass through the massless Dirac point no matter in Dirac material or the artificial honeycomb optical lattice [46] , while for the case that the phonon energies are smaller than the band gap, the interband contributions from the excited electrons vanish, and the adiabaticity is also broken due to the crossing of the lowest bands or the large separation (larger than the phonon energy) of bands. The electron-phonon coupling matrix element can be rewritten as (for optical phonon scattering)
with
where N = S/s 0 is the number of unit cell. and 2M is the atomic mass per unit cell. This expression is obviously a tight-binding treament which is in the basis of tight-binding amplitudes u, where t k is the hopping vector of the electron and φ is the phonon eigenvector (vibrational modes) whose direction is related to the vibrational direction. u and u ′ correspond to the two basis vectors. s and s ′ are the band indices. We can see that when the nearest-neighbor hopping direction is orthogonal to vibrational direction, the electron-phonon interaction vanishes. When the polaron-phonon interaction is ignored (like the closed channel), the hopping has a simple expression
where 2N is the site number here since we assume the primitive unit cell which contains two sites, δ δ δ is the unit vector of the nearest-neighbor hopping, R is the lattice vector of the primitive unit cell, H 0 is the noninteracting Hamiltonian, w(r−R) is the Wannier function which containing the Bloch eigenstates (for linear Schrodinger equation) [56, 57] . When the polaronphonon interaction is taken into account, the self-energy of an impurity electron induced by the electron-phonon interaction is
and the hopping in real space needs to containing the effects of the emission or absorption of phonons, and becomes t
, which contains the effect of electron-phonon Fröhlich interaction. as described by the electron scattering (inelastic) rate, which can be obtained by the imaginary part of electron self-energy
the two terms within the square bracket correspond to the emission and absorption of a phonon respectively, as persistently happen during the coherent propagation of the phonon (dressed by the cloud of phonons). Apparently, at zero-temperature, the scattering rate (relaxation) is related to the selection rule
, and it is coupled to the self-induced lattice polarization here.
For acoustic phonon, the matrix element |g p,p+q ′ | 2 in above equation should be replaced by
where D is the screened deformation potential, s 0 is the area of the unit cell, and θ denotes the angle between k + q ′ and k. Note that here we discuss the case that the quasiparticle which dressed with the phonons is the fermi polaron: an electron dressed with electron-hole parts (when the electron-electron interaction (electron self energy) is taken into account). While for the BEC in hexagonal optical lattice system, the above tight-binding treatment fails to describes the modification of the band structure in Dirac cone by the interatomic interactions [46] , however, we still find a common point. For both the Dirac metarial and honeycomb optical lattice, the adiabatic evolution of the electron eigenstates is broken when the band crossing happens, which gives rise to the nonlinearity [47] . This similarity requires the extreme low temperature in which case there are not thermally excited phonons.
For BEC in linear quantum regime, the adiabatic evolution maintains as long as the variance of the perturbation, which can simply described by the nonlinear Dirac equation with a momentum (or continuous wave function) dependent short range interaction term, is slower than the frequency (level spacing). For Dirac solid material, the electron-phonon coupling strength |g k,k+q ′ | 2 changes linearly along the inreducible Brillouin zone [42] when the Dirac linear dispersion is presented or with band gap which is smaller than phonon energy Ω 0 ph . This implies that |g k,k+q ′ | is independent of the electron momentum in the adiabatic case, but depends only on the exchange momentum q ′ . That is consistent with the strong coupling adiabatic in Holstein (lattice) model where the hopping t k is much larger than the phonon frequency, and thus the electron transition (or tunneling) between different levels (or eigenstates) is suppressed, which leads to the exponentially reduced (collapsed) polaronic bandwidth. We note that, for the tunneling of BEC, the level crossing between the eigenstates from valence band (but not from conduction band and valence band) can happen [46, 47, 49, 48] due to the additional eigenstates in nonlinear frame as described (at zero-temperature limit) by the Gross-Pitaevskii equation within mean-field approximation. That is not unique to the BEC in an optical lattice, the multilayer Dirac materials also have such kind of level crossing (like the bilayer graphene or bilayer silicene [50] ).
Decoherence effect induced by electron-phonon coupling
Now let us temporarily return to the problem of decoherence, where the pairing instability can be described by the statistic mixture (Fermion or Bosonic distribution function) as shown in the pair propagator and the (non-self-consistent) T -matrix. For an atomic system, the occurence of decoherence (accompanied by an exponential decay of the quasiparticle lifetime
) requires that the velocity of the impurity is faster than the speed of sound in condensate, and thus the momentum becomes larger than the Landau critical momentum. That usually happen in the extreme case of mass-imbalance between impurity and the majority particles. Then the superposition (coherence) mentioned in Ref. [25] is possible since they consider the case of zero impurity momentum which can be realized when the mass of the two spin species have equal mass, as also been considered in Ref. [51, 63] . For the transition of electron states near Dirac cone, even the smallest perturbation could breaks the adiabaticity, and the nonlinear dynamics induced by the on-site interaction will breaks the superposition of states as well as the coherence and the noticeable interference patterns. Thus we conclude that, near Dirac cone, the transition of electrons is adiabatic both for the linear band structure or with a small band gap (e.g., smaller than the bare phonon energy). While in the extreme adiabatic and strong coupling case where the electron hopping amplitude is much larger than the phonon frequency (or much larger than the Bloch energy of bosons E B , which is intraspeices interaction-dependent for a bosonic gas [53] ), since in this case the velocity of impurity (the electron) in real space is much larger than the bath component, as indicated by t ≫ Ω 0 ph and infinite bath effective mass, the coherence is decreased and the decoherence is enhanced, as exhibited by the reduction of the coherent quantum motion. And it is indeed a diffusive motion (incoherent) which also contributes to the conductivity unless when a magnetic field is applied. In this case, the impurity with large velocity will excites, e.g., the electron-hole excitations or phonons, or even emits the Cherenkov radiation, and thus the superfluid can not emergents as the impurity losses energy during this process, as observed recently of the self-trapped small polaron in haematite, where the photoexcited carriers exciting the optical phonons during the process of charge-transfer [62] . Then the polaronic band (or electron band) collapse and leads to a charged ordered insulating state as long as the zero-point quantum fluctuation is weaker than the lattice distortion. However, the self-trapping of polaron may be destroyed by the thermal fluctuation at high temperature as recently studied in Ref. [69] . Note that the charged ordered insulating state mentioned above is essentially different from the Mott insulator state where the on-site interaction strength is very large and the impurity propagation induces the coherent quantum motion. Such extreme adiabatic limit corresponds to the local phonon modes and maximal decoherence with the impurity density matrix ρ p loses its offdiagonal elements: c † p+q ′ c p and c p+q ′ c † p . Experimently, the hopping here can be manipulated by the magnetic gradient modulation in atomic system [60] or by the strain in a solid state system.
The perturbation from quantum fluctuation in a lattice system is more significant in 2D than that in the 3D, as reflected by the high-order exapnsion about the ratio of t/U. For most cases, like for the ultracold atomic system [32] and the Holstein compounds [58, 43] , the polaronic band collapse happen as long as ε e−ph /t 1, and for the former one, the linear feature of the lattice near Dirac cone requires the hopping strength (or the coupling between modes) larger than the nonlinear eigenvalue which forms the Bloch bands t > Ng ψψ Z ψ → 0, where N is the particle number, g ψψ is the electron-electron interaction (characterized by the s-wave interaction), and Z ψ is the probability of a electron to be interacting. On the other hand, when the band crossing happen, like the overlap between conduction band and valence band or the loop structure which emerges in the lowest Bloch band as obtained by the eigenvalues of the tight-binding Hamiltonian (or nonlinear Dirac equation) and the nonlinear Schrodinger equation, respectively, the superconductivity [50] or superfluidity [46, 54, 55] can be observed, as the strong short-range interaction (the deformation potential-independent one) can helps the plane wave to overcomes the perturbations (like the periodic potential of optical lattice or the lattice defect). As an example, the bipolarons formed in real space, which requires strong enough impurity-impurity interaction [28] , are with highly nonadiabatic charectes in real space, which results in a different superconducting [59] mechanism compared to the BCS one.
We note that, the electron-phonon coupling term
obtained above is base on the combination of the polaron energy shift in single-site frame, i.e., assume the hopping is t = 0 like in the atomic limit, and the finite bandwidth. Usually, this description of coupling is valid in the tight-binding model as well as the orthorhombic YBCO compounds. The effect of hopping becomes dominate when the size of polaron is smaller than the lattice spacing, as described by the tight-binding Hamiltonian, the value of hopping determines the dispersion of the mode and the motion (velocity) of the impurity. For slow motion, the decay rate of the polaron (as a quasiparticle) decreases and vanishes at long-time limit. then leads to the negative polaron self-energy, i.e., the attractive polaron [64, 1, 5] .
Complex polaron model
For complex polaron state which contains both the interaction between impurity and the induced particle-hole excitation and that between impurity and phonon (Peierls electron-phonon interaction [72] ), we can write the many-body Hamiltonian as
where N = S/s 0 is the total number of the unit cell where S is the total area and s 0 is the area of the unit cell. g
Here we have transform the position representation into momentum basis through the unitary transformation, and use the single Einstein mode of the phonon without the second-quantization. Then the ground state wave function reads (here consider the one particle-hole pair and one phonon limit)
where |ψ F P and |ψ CP denote the ground state wave function of the fermi polaron and complex polaron. Here q D denotes the Debye radiu. For the wave function |ψ CP , we ignore the coupling between the phonon and the electron-hole pair since we assume the binding energy of the electron-hole pair (especially for the light-excited one) is much larger than the one between impurity and the phonons, e.g., the exciton binding energy could as large as 0.3 eV in the π-conjugated system [74] or 0.5 eV in the semiconductor [67] , while that of the electron-phonon polaron is only 0.3 meV in a continuum model [68] , or 70 meV when consider the optical phonon [66] . For the complex polaron, by minimize ψ|E − H|ψ , we have (considering the case that emits a phonon)
(19) Here we ignore the change of the momentum of electron-hole pair. Then for ∂ ψ CP |H|ψ CP ∂φ = 0, we write
The variational paramters are obtained by the minimization as
where the self-consistent energy term (E − ε p↓ ) reads
which equals the binding energy when p = 0. Note that in effective mass approximation we also have Re[Σ e (ω, p) + Π e (p)] = E − ε p↓ . For small electron chemical potential, we define
Unlike the renormalized coupling parameter in Eq.(6), we can see that this coupling parameter depends on both the binding-energy E b and momentum (ultraviolet) cutoff Λ. and the logarithmically diverges of g
Note that such a complex polaron cannot found in a superfluid bath since in this case the propagating impurity will not excites the electron-hole excitation. The binding energy E b here is positive for attractive potential, i.e., the fermi polaron here with negative g q , thus the energy of such a bound state must be negative −E b , which corresponds to the negative self-energy of the attractive fermi polaron.
For an analysis, we approximately suppose that there only exist two possibilities: isolate impurity or interaction with both the electron-hole pair and the phonons. Then the variational wave function reads (here consider the one particle-hole pair and multi-phonon case)
where the factor N ph resulted by the b −q ′ acting on the unperturbed state |0 . Unlike the anharmonic phonon modes induced by the high intensity laser [71, 93, 62] where the interphonons couping can not be ignored, we ignore the interphonons couping here as the modes are created by the self-induced lattice polarization. The residue Z will not affected largely by this approximation since the penetration length (coherence length) of the 2D system here (e.g., the tight-binding model) or the optical lattice which with deep trapping potential, are much shorter [94] than the ideal BEC [91] . The variational parameters are obtained by the minimization as
where n ph denotes the phonon density. The normalization condition is
Here the momentum distribution of polaron is shifted from the δ p -function by the electron-phonon coupling term |φ kqq ′ | 2 . Through the above procedure, we can obtain
where the energy is
4 Self-energy effects, effective mass and residue For electron self-energy induced by the electron-phonon coupling obtained above, obviously, the Eq.() is for the case of single electron, while for the many-electron case, the electron selfenergy should be replaced by [65] 
(28) To obtain the analytical results, we next apply the single impurity and single phonon scenario, i.e., at the zero temperature limit, and since we focus on the low energy electron near the Dirac cone, we apply the quadratic dispersion of the electron. Then the electron self-energy due to electron-phonon coupling reads
where A = −β 2 m 2 + 2β 2 mp − 4 p 2 − 2 2 iηm, and we use Ω 0 ph (q ′ ) = βq ′ for optical phonon in long-wave limit (near the Γ-point). We present in Fig.2 the self-energy of electron induced by electron-phonon coupling base on the Eq.(14), we at fisrt apply the acoustic phonon with frequency Ω ph = βq ′ with β = 1 (LA) and β = 1/2 (TA). Such linear dispersion for acoustic phonon dispersion also used in Ref. [98] . As presented in Fig.2 , the real part of self-energy of the single electron impurity induced by the electron-phonon coupling is positive in the small electron momentum p region which reflects the repulsive interaction, then it becomes negative as the p increases which implies the attractive interaction, corresponding to the recombination of the optical phonon and electron. We see that the real part of self-energy turns to zero in large p region, i.e., the interaction between electron and phonon disappears when the velocity of electron is fast enough. We note that the self-energy here is only caused by the acoustic phonon, as can be clearly seen in the Fig.2(b) , where the peaks near p = 0.2 are contributed by the acoustic phonon near Γ-point, the breathing mode as well as the optical phonon induced one are not shown. In fact, the peaks correspond to the optical phonon locate on the higher electron energy, and have much larger scattering rate compared to the acoustic one, that requires much higher temperature to realizes the optical excitation, for eaxmple, 600 K or even 1600 K as reported in Ref. [62] , in which case the acoustic phonons would not be expected to directly participate the polaron formation. Another important different is that at high temperatures the distribution of electrons (in multi-impurity case) and phonons obey the Maxwell-Boltzmann law. This is also verified by the DFT result [71] that the high intensity laser-induced phononphonon interaction cannot be well described by the usual formation [70] which contains two Dirac-Fermi distribution functions for electron and hole respectively. In Fig.3 , we show the spectral function GW calculation. We can see that, in the stable region (p > 0.6) where ImΠ e (p) → 0 (see Fig.2 ), the rebuilt polaron band (by the electron-ponon coupling) is linear with the momentum, while in the unstable region, we can clearly see that the polaronic mode is damped, then the damping dynamical could be described by the Laudau theory when the Fermi liquid picture is preserved. For linear phonon mode, the induced polaronic mode does not damped for static polaron (p = 0), as can be seen from the bright spots which form the high order dispersion. Note that the dispersion showed here is not the final polaron dispersion, but just exhibits the effect of self-energy (electron-phonon coupling) to the original impurity dispersion (which is simply quadratic for the free electron occupying the surface of 2D system we discussing). We can also see that the slope of linear dispersion for q ′2 -phonon is smaller than the linear acoustic phonon.
Similarly, for Ω 0 ph ∼ q ′ 2 (ZA), we obtain
where B = − 4 p 2 − 2 2 miη − 4m 2 iη. For finite (low) temperature where the distribution of phonon still obeys the Bose-Einstein one, we obtain
Note that although we focus on the long-wave limit of q ′ , the detail integrate range of q ′ depends on the setting of the temperature. Our results are in agree with Ref. [66] that in low-energy limit the self-energy is heavily affected by the change of the temperature, thus we select the not-too-small value of q ′ for better understanding. That can also be explained by the failure of RPA when the Fermi energy is smaller than or just comparable with the phonon frequency (temperature-dependent), and the above expression of electron self-energy becomes unphysical when Ω 0 ph (q ′ ) = 0 in the denominator. From the Fig.2-3 , we can see that the self-energy of impurity electron dressed by phonon could is not totally negative, which suggrest that the interaction between the electron and phonons (acoustic or the breathing-mode one) could be attractive or repulsive. That is different with the normal attractive Fermi polaron [25] .
While for the Fermi polaron formed by the excited electron-hole pair, the self-energy of the impurity obtained by the method of non-self-consistent T -matrix can be written as (at zero-temperature limit)
where ω and ν q are the impurity and hole frequency, respectively. Within the expression of bare coupling (g b ) −1 (see Eq.()), we use the polaron shift in a single site (i.e., in zero tunneling limit and p = 0) instead of the binding energy of the bounded state which is E b = min ψ CP |E − ε p=0↓ |ψ CP = 2 /2m r a 2 φψ (m r is the reduced mass and a φψ is the interspecies scattering length), i.e., 1
where g is the interaction vertex between the impurity and the electron-hole pair, m e−h and ω e−h are the mass and frequency of the eletron-hole pair. Obviously, the self-energy of this Fermi polaron depends on both the impurity momentum and frequency, i.e., it is related to the response to the effective electric field. Fig.5 shows the self-energy induced by the interaction between impurity and the electron-hole pair at strong-coupling regime where the bare coupling g(Λ) → ∞, although (g b ) −1 is in fact weakly depends on the relative momentum q. We can see that the sign of coupling directly affects the sign of self-energy Σ e , and the range of negative self-energy increase with the increaseing impurity frequency. For ω = 0, the imaginary part of self-energy (also the linewidth) has two peaks throughout the whole momentum range, that is in agree with the experimental result about the Fermi polaron as resported in Ref. [4] . While for the slow impurity in the complex polaron with momentum p ≪ max[µ ↑ , 2m ↓ Ω 0 ph (q ′ )], the polaron energy is purely real and thus the momentum and energy are conserved. Such stable bound state could also be found in the polaron-polaron continuum region or the bipolaron-phonon continuum region [69] , where the polarons are unbounded or bounded but through emission and absorption of one phonon.
The above self-energy of impurity electron gives the second-order correction to the intrinsic electron energy, E = 2 p 2 2m ↓ + Σ e (ω, p). This energy is purely real for a slow impurity, in which case the polaron is large and continuum, and the effective mass approximation can be used in this case, i.e., E = 2 p 2 2m * + E 0 where
is the impurity momentumindependent energy of the polaron. The large polaron (compared to the lattice constant) has a small value of hopping and thus with a positive and large binding energy (corresponds to a negative and large polaron energy [73] ). The distortion as well as the ions would also slow the large polaron down. In Fig.6 , we show the effective mass induced by the interaction between impurity and the particle-hole part (fermi polaron) base on the approximated expression
where the second line of above expression corresponds to the linear expansion around the pole (quasienergy) of the impurity Green's function. The quasiparticle residue (spectral weight) Z is given by the GW calculation result
Note that here E(p) = ε p↓ + ReΣ(ω, p) is the pole of the impurity Green's function G(ω, p) = 1/(ω + i0 − ε p↓ − ReΣ(ω, p)). In the thrid line of above equation, we use the approximated formular, where g is the renormalized coupling parameter,
, which is comparable with the mean-field polaron energy. In single phonon limit, it reduced to
, which means Z −1 decreases with the raising self-consistent polaron energy E − ε ↓ . Similar result is obtained for organic semiconductor [104] . The Z min here is the minimal value of the quasiparticle residue of the 2D solid system, which is generally larger than that of the ultracold fermi degenerate gases (0.39) [95] or the bose gases (0.67) [99] , for example, the electron residue measured in semiconductors is 0.74 [104] . That is partly due to the effect of linear dispersion in the presence of Dirac or Weyl cones (undoped semimetal) with the broken down Fermi-liquid picture, where the ratio of (long-ranged) Coulomb potential to the kinetic energy, e 2 / v F ǫ (the effective fine structure constant [100, 101] , where ǫ here is the environment dielectric constant), becomes very large. The residue can even becomes zero in the multi-Weyl semimetal [92] with the dressed Coulomb potential. While for the self-trapping of polaron in the Holstein model, the residue could as low as 0.1-0.2 [104] .
From the Fig.6 , we can see that, for p < 2.5, the effective mass ∆m * diverges dramatically at certain momenta p and impurity frequencies ω. Such divergence of effective mass origins from the instability of the fermi polaron (as a metastable excitation which is the origin of the small imaginary part in the right-hand-side of Eq. (27)), and it has also been found in the strong coupling region of Bose polaron in a condensate [86, 87, 88] . We note that the effective masses obtained here have the negative part, furthermore, the region where m 0 + ∆m * < 0 can be viewed as a signal of the emergence of avoided crossing dispersion (nonadiabatic), which implies that the minimum of fermi polaron dispersion is not at p = 0 [90] (because in effective mass approximation the negative kinetic term leads to larger momentum-independent polaron energy than the total one) and thus also signals the instability [89] . We will see in the follwing that this is in contrast to the effective mass induced by electron-phonon coupling, which is completely positive over the whole momentum range (for small finite β). We also found that, for p ≥ 2.5, the effective mass is always positive. In Fig.7 , we plot the results of the induced effective masses within such a fermi polaron through the exact expression (upper panels) approximated expression (lower panels) of the effective mass (∆m
, respectively). We can see that in large impurity momentum (p > 1.5) the effective mass increase powerly with p and decrease with ω.
In Fig.8-9 , we show both the exact result ∆m
∂p 2 ] −1 and the approximated result of the effective mass ∆m * induced by the electron-phonon coupling, for free impurity (quadratic dispersion) and the one near Dirac cone (the Dirac cone could be viewed as a defect or perturbation but we do not consider its topological properties here, i.e., without the spin/pseudospin-momentum coupling), respectively. We can see from the figures that the effective mass obtained through the approximated expression is larger than the exact one. From the expressions of the induced effective mass, we can know that the approximated effective mass only takes the second-order dispersion of momentum p into account, which makes it more accurate for the impurity with quadratic dispersion. That is why the approximated results (the full-line) in Fig.9 is farther away from the exact results (the dashed-line) than Fig.8 . Here for the Dirac-type (initial) impurity electron, we suppose the linear dispersion ε p = αp where we set α ≈ 30β (for LA) according to the first-principle calculations [24, 81] , i.e., the group velocity of the Dirac Fermi quasiparticle ∂E(p)/∂p = α is much larger than the sound velocity. That allows the quasiparticle decaying to happen through the emission of phonons, and also gives rise to the finite spectral width base on the BCS-type particle-quasiparticle (or quasiparticlequasiparticle) interaction (like the third term of Eq. (20) with a finite exchange momentum q). For attractive polaron (a ψφ < 0), the broadening of the spectral function of polaron vanishes at the minimum of particle-branch or the maximum of hole-branch when the gap between these two branches is zero, because there has no enough phase space for quasiparticles to decay. Note that the polaron branches are parabolic here, so that the group velocity α could becomes smaller than the sound velocity sβ (when consider the interaction between impurity and the phonon (gapless boson quasiparticle)) in the level closest to the chemical potential (e.g., µ ↑ ). This phenomenon is also been verified by our previous work [5] and other Refs. [82, 19] . Also, we can clearly find that the induced effective mass for impurity which is initially a Dirac electron (Fig.8) is much larger than the one which is initially a free electron (Fig.7) . That is reasonable because it requires stronger interaction strength to excites a initially linear Dirac electron to a free electron (e.g., enters into the surface 2D electron gas), and then through the expression of effective mass gievn above we can easily know that the impurity has larger effective mass.
Here for effective masses induced by both the impurity-electron-hole pair interaction and the electron-phonon coupling, we have Z → 1 when ∆m * → 0, i.e., the noninteracting particles is totally dominating. In this case, for fermi polaron with ω = 0 (see Fig.4(b)-(c) ), in the region where the slope of imaginary part of self-energy (impurity damping rate), the residue Z tends to a small but nonzero value in the limit of vanishing fermi energy, which means that the fermi-liquid theory as well as the perturbation theory are still applicable in this scenario [91, 92] (while for bose polaron, an additional requirement is the nonadiabatic limit). We note that the consideration of multiple particle-hole excitations become important in the strong coupling regime where Z → 0. For impurity with quadratic dispersion, the residue will remains finite even in the zero-energy limit, and it has smaller value in nonadiabatic case compared to the adiabatic case due to the coherent effect.
In Fig.10 , we show the quasiparticle residue, self-energy of the complex polaron which containing the effects of both the fermi polaron and electron-phonon coupling. According to the self-energy computed above (Fig.2 and Fig.5 ), we can see that the complex polaron is stable (well-defined) only when the momentum larger or comparable with 1, above where the imaginary part of the self-energy tends to zero. This means that it is only meaningful to observe the related physical quantities in the region p ≥ 1 (the exact value of momentum varies with impurity frequency), while in the low momentum region, the nonadiabatic effect may induce the instabilities. From Fig.10 , we can see that the quasiparticle residue is very close to 1 (Z 0.9) for p ≥ 1, and the self-energy is also always negative in this momentum region, which implies that the complex polaron still has an attractive overall effect. As we stated above, here the selfenergy of complex polaron is obtained by the relation ReΣ(E(p), p) = ReΣ e (ω, p) + ReΠ e (p). The large residue Z is also agrees with the restriction of weak interaction throughout this paper.
polaron-polaron interaction
As we state above, the electron-phonon coupling matrix element |g k+q ′ ,k | 2 , which describes the phonon-induced electron transition (interband or intraband), depends on both the electron momentum and phonon momentum in the nonlinear case (just like the polaron-polaron interaction vertex as we mention below), but it depends only on the phonon momentum q ′ in the linear case which with adiabatic motion of the impurity. The absorption and emission of phonons which leads to incoherence, and also possible to gives rise to the polaron-polaron interaction, for two impurities with opposite spins, e.g., in the light-enhanced case [77] .
The phonon-related polaron-polaron interaction has two kinds. One of them is the phononmediated density-density (direct) interaction, which is related to the dielectric function ǫ(q ′ , ν) in the method of GW-random phase approximation (RPA) (or equivalently, the spectral function A(q ′ ) in plasmon-pole approximation (PPA)), and we can write the self-energy of such bipolaron as
where the first term is the Hartree-Fock part while the second term is the correlation part. Here V p−p (q ′ ) is the polaron-polaron interaction strength, and ǫ(q
. In Landau Fermi-liquid theory, the density-density interaction between polarons must be repulsive [1] , and the Coulomb interaction is certainly screened. This kind of polaron-polaron interaction is dominate for the 2D system on a polar substrate, and then the effective mass of polaron becomes dependent on both the electron-phonon coupling constant and the phonon occupation factor [102, 103] . In the presence of effective dielectric function, the residue Z also related to the energy loss function as
. The second type of the phonon-related polaron-polaron interaction is the pair-hopping type. We found the interaction vertex of this type of polaron-polaron interaction is similar to the pair propagator as we mention above, which is related to the propagation of a pair of coupled impurity-majority, but for here is happen between a pair of impurity with opposite spins, like the singlet. In this case, the polaron-polaron propagator, for a pair of polarons with seperartion distance evolute from 1 to n (n ≥ 1), can be obtained by the Dyson function as
is the Green's function of the bipolaron with the Hamiltonian
The unperturbed state |0 could be treated as the vacuum state at zero-temperature limit. Note that here p is no more the momentum of bare impurity but of the polarons. The Green's function here vanishes in the large distance limit n → ∞ where ω outside the polaron-polaron continuum (unbound) region [78] , and equation of motion [79, 80, 78] of this Green's function at ground state (for Brillouin zone boundary) can be obtained as (ω + iη − [4(Σ e + Π e ) + V p−p ])G 1,n = δ n,1 . Note that within the Hamiltonian H p−p the interation vertex V p−p (p, p ′ , Q) (Q is the exchange momentum) takes an important role in the case of translational invariant which guarantees the total momentum of the bipolaron is a good quantum number. Thus this expression, which described the pair-hopping process, is valid as long as ε e−ph 3tΩ 0 ph < 1 since the strong electron-phonon coupling will breaks the translational invariance. Base on Peierls coupling, the avoided crossing in the band structure happen for both the single polaron and the bipolaron when the electronphonon interaction strength turns up and reaches ε e−ph 3tΩ 0 ph > 0.5 [72, 69, 79, 80] , which means that the nonadiabaticity appears, and this is more easy to found in the case of large phonon energy. This avoided crossing phenomenon (similar to the band inversion of the topological materials) is very important because it reveals the topological properties of the polaron band structure, and we can see that the polaron indeed shares the topological phase with some of the topological insulator or superconductor [83, 84, 85] no matter it's been formed in the solid state or the ultracold gases [82] . The avoided crossing band structure corresponds to the nonadiabatic (or nonlinear) case where the lowest energy of fermionic excitation does not located at p = 0, and it's possible to appears for both the fermi polaron and boson polaron. Besides, due to the strong (interatomic) interaction in this case, the superfluidity can emerges within the cloud which srounding the impurity, and thus the impurity can moves but without lossing energy and also without excites other particles. That's why the hard-sphere bosons (with interaction effect) could forms the superfluidity while the free bosons can not. In such a coherent state, the dissipation of the bath is also fastest [32] .
Conclusion
We construct a model where the complex polaron formed in the surface of a 2D Dirac honeycomb lattice. In the presence of electron-phonon coupling, it is possible for impurity to has a quadratic dispersion or linear dispersion (due to the effect of Dirac cone). We focus on the weak coupling regime throughout the whole paper, no matter the interaction between impurity with the electron-hole pair and that between the impurity and phonons. For electronphonon coupling, both the adiabatic and nonadiabatic cases are studied (we focus on acoustic phonon). Specially, the avoided crossing of band structure appears for both the single polaron and bipolaron (the pair-hopping one) in nonadiabatic regime, where the perturbation theory becomes more accurate than Migdal-Eliashberg theory. For the pair-hopping type bipolaron, which is direactly pairing in the real space unlike the density-density type, remain the coherence property with nonadiabatic motion and it is possible to form the superfluid at low temperature. The method of RPA together with the Ward idensity are used in calculating the electron self-energy induced by electron-phonon coupling, and the dielectric function which describes the density-density correlation (also the electronic susceptibility) between the polarons (in momentum space). The RPA here is applicable since the phonon momentum q ′ is small and the electron-phonon coupling is weak in this paper [107] .
The dimensionless electron-phonon coupling in GW calculation [105] is slightly different from that in the Peierls (Su-Schrieffer-Heeger) model [72] . The most direct evidence is that the electron-phonon coupling matrix element is independent of the electron momentum p in the former one as applied in Refs. [102, 106] , while the p-dependence may emerges for the later one after the Fourier transform of interaction vertex.
Through the density plot of spectral function. we found that the polaronic effect induced modes are damped in the regions of p −ω space where the imaginary part of self-energy is large. We also found that, for small q ′ , the effect electron-phonon couping leads to a linear dispersion in the large momentum stable region (see Fig.3 ). In the absence of umklapp scattering, this dampling dynamics can be well described by the Landau-Fermi liquid theory (for free impurity). That inspires us that, for topological insulator systems, the topologically protected umklapp-free plasmon-polaron mode [98, 107] can emerges and then leads to band dispersion which is gapless in the middle point of BZ edge-the M point. We can certainly know that such situation corresponds to the antiadiabatic limit, and can also be observed in the optical honeycomb lattice in the presence of strong interatomic interaction [46] .
In weak coupling regime, both the effective masses induced by the electron-phonon interaction and the interaction between impurity and the electron-hole pair are studied through the different expressions. We found that in stable region (p > 1), the effective masses increase as q a with a > 1. For impurity with smaller electron energy, the induced effective mass is larger. We also found that, the effective mass derived from approximated expression is larger than that derived from exact expression. The reason for this phenomenon is related to the impurity dispersion (although may be variable in the polaronic dynamics) as esplained in the main tetx. The polaronic effect investigated here is meaningful to the study of pairing mechanism as well as the phonon-mediated high-temperature superconductivity.
7 Appendix: The tight-binding model for honeycomb lattice model in adiabatic limit
The deformation potential independent strong zero-range interaction g ψψ = g q , which can be modified through the strain (similar to hopping), can be seen that it directly lifts the energy of electron band and independent of the momentum (since g ′ q is independent of the sublattice index) from the well known tight-binding Hamiltonian
where ∆ is the on-site energy difference between the two sublattices. The corresponding eigenvalues
where 
Here we have not consider the spin-orbit coupling and thus the electron-electron interaction only happen between opposite spins in the absence of Zeeman energy. 
Here we apply the quadratic dispersion of the impurity, and we can see that the resulting impurity self-energy is momentum p-dependent. While for the Dirac dispersion, where the p-dependence vanishes due to the linear relation, and the resulting self-energy can be obtained as −0.0793994839
) for the three cases of Ω
, respectively. It is obvious that around a Dirac cone, the polaron formed by the coupling between electron and the lattice vibration mode is an attractive one and with much smaller imaginary part compared to the free electron. 
, respectively. The bright regions are the polaronic modes induced by the electron-phonon coupling. In the region where the imaginary part of self-energy is large, the polaronic mode is been damped, resembling to the damping of other collective excitations in the single particle continuum regime. The vertical axis is in unit of (
2 . The upper inset shows the case with β = 0.5. Similar to the Fig.2 , the peaks are higher in the case of small β, and such difference is more obvious at finite-temperature compared to the zero-temperature. The lower inset shows the temperature dependence of the electron linewidth (1/τ e ) and the phonon linewidth (1/τ ph ). Note that, for the calculation of the finite-temperature case, we use the approximation of the series expansion near zero phonon frequency Ω ph → 0, thus the selection of q ′ is restricted within the small values. Here we set the momentum of the majority-electron k near one, k ∼ 1, as be labeled in each panel. The curves for µ ↑ = 0 and µ ↑ = 0.2 are presented. Here µ ↑ ≈ E F in weak coupling BCS limit. We note that here the case of µ ↑ = 0 corresponds to the vacuum limit [76] or the two-body limit, i.e., we only take one particle-hole excitation into account, which is applicable due to the destructive interference in a system with the superposition between states with different number of particle-hole pairs. We also set q = 0 here for the validity of one particle-hole part ansanz (see Ref. [95, 25] ). The imaginary part of the self-energy also equal to the electron scattering rate /2πτ . is applicable in the low-impurity-momentum region. We also present the effective mass as a function of slope rate of phonon spectrum base on these two expressions in the upper inset and lower inset, respectively. The difference is that the negative effective mass does not emerges in the lower inset (the exact result) which means that the electron-phonon coupling only increases the effective mass of the polaron. While for the upper inset for momentum p ∼ 1, the negative effective mass emerges near the point β = 5.5. Figure 9: The same with Fig.7 but for initial unperturbated impurity located near the Dirac cone. Here we set α ≈ 30β (for LA) according to the first-principle calculations [24, 81] . Note that here the residue in middle panel, which has two minimal singular points in p = 0.1 and p = 0.5, is not the exact result since the choosed impurity frequency ω is not exactly the pole of impurity Green's function. Through the lower panel, we can see that the imaginary part of self-energy induced instabilities are mainly located on the p = 0.1 and p = 1. Thus we can reasonably think that the two minimal singular points of exact residue should also located on the p = 0.1 and p = 1, rather than the p = 0.1 and p = 0.5.
